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Abstract. — The goal of this article is to make explicit a structured complex com-
puting the cohomology of a proﬁnite completion of the n-fold loop space of a sphere
of dimension d < n. Our construction involves: the free complete algebra in one
variable associated to any ﬁxed En-operad; an element in this free complete algebra
determined by a morphism from the operad of L∞-algebras to an operadic suspension
of our En-operad. As such, our complex is deﬁned purely algebraically in terms of
characteristic structures of En-operads.
We deduce our main theorem from several results obtained in a previous series
of articles – namely: a connection between the cohomology of iterated loop spaces
and the cohomology of algebras over En-operads, and a Koszul duality result for
En-operads. We use notably that the Koszul duality of En-operads makes appear
structure maps of the cochain algebra of spheres.
Introduction
The thesis of J.-P. Serre, at the beginning of the ﬁfties, introduced the idea of
using the cohomology of loop spaces in topology. Topologists have quickly studied
the cohomology of iterated loop spaces ΩnX which are spaces of maps f : Sn → X
on spheres Sn. The computation of the cohomology of ΩnX would make possible the
determination of homotopy classes of these maps f : Sn → X but, for the moment,
this computation is well understood only when X is the n-fold suspension of a space
X = ΣnZ. Besides, we have a comprehensive knowledge of the homotopy classes of
ﬁnite cell complexes in a few particular cases only (which do not include spheres) for
which the homotopy vanishes in dimension n > 1.
Our works [7, 9] give an algebraic device to model iterated loop spaces ΩnX on all
spaces X and for every value of n. The goal of this paper is to explain how to make
explicit a structured complex computing the cohomology of a proﬁnite completion of
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the iterated loop spaces ΩnSn−m from this model, by putting together results of [7, 9]
and of another article [10]. The obtained complex is deﬁned purely algebraically, in
terms of the internal structure of certain operads, and inherits nice operadic structures
from which we hope to get information of new nature on the topology of ΩnSn−m.
The En-operads give the core structures of our construction. For our purpose, we
consider En-operads in the category of diﬀerential graded modules (dg-modules for
short) and we use the noun En-algebra to refer to any category of algebras associated
to an En-operad in that ambient category. In that context, the En-operads refer to
the homotopy type of operads which are weakly equivalent to the chain operad of
Boardman-Vogt little n-cubes.
Most models of En-operads come in nested sequences
(*) E1 ⊂ ··· ⊂ En−1 ⊂ En ⊂ ···
such that E∞ = colimn En is an E∞ operad, an operad weakly equivalent to the
operad C of associative and commutative algebras. The E1-operads, which form the
initial terms of nested sequences of the form (*), are weakly equivalent to the op-
erad A of associative non-commutative algebras. Intuitively, an E1-algebra structure
is interpreted as a structure which is homotopy associative in the strong sense but
non-commutative, while an E∞-algebra is fully homotopy (associative and) commu-
tative. The En-algebra structures, which are intermediate between E1 and E∞, are
interpreted as structures which are homotopy associative in the strong sense and ho-
motopy commutative up to some degree. A commutative algebra naturally inherits
an En-algebra structure, for all n = 1,2,...,∞.
Throughout this paper, a space means a simplicial set and we associate to a sim-
plicial set X the standard normalized complex N∗(X) with coeﬃcients in the ground
ring k of our base category of dg-modules. As we deal with pointed spaces, we use
the reduced complex ¯ N∗(X) = ker(N∗(X) → k) in our constructions rather than
the whole complex N∗(X). To handle structures without unit (like these reduced
complexes ¯ N∗(X)), we also remove 0-ary operations from our operads.
The cochain algebras ¯ N∗(X) inherit an E∞-algebra structure by [14], for which
we have an explicit construction (see [2, 18]) giving an action of certain E∞-operads
equipped with a ﬁltration of the form (*) on ¯ N∗(X). In that context, we immediately
see that the E∞-algebra ¯ N∗(X) inherits an En-algebra structure for all n.
Now a natural homology theory HEn
∗ (A) is associated to any category of algebras
over an En-operad. For a cochain algebra A = ¯ N∗(X), the theorems of [7, 9], put
together, imply that the homology HEn
∗ ( ¯ N∗(X)) determines the cohomology of a
proﬁnite completion of the n-fold loop space ΩnX.
But we observe in [10] that En-operads are in a sense Koszul and we prove, using
a good En-operad En, that a coﬁbrant model of En-operad is yielded by an op-
eradic cobar construction Bc(Dn), where Dn = Λ−n E
∨
n is an operadic desuspension
of the dual cooperad of En in dg-modules. This result implies that the homology
HEn
∗ (A) of any En-algebra can be computed by a nice structured complex of the
form CEn
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and ∂ is a twisting coderivation determined by the En-algebra structure of A (this
construction is reviewed in §1).
The goal of this paper is to determine the diﬀerential of this complex CEn
∗ (A) for the
cochain algebra of a sphere A = ¯ N∗(Sn−m), where 0 ≤ m ≤ n. In [10], we observe that
the action of Bc(Dn) on ¯ N∗(Sn−m), by way of the morphism Bc(Dn)
∼ − → En ⊂ E∞,
is determined by a composite of:
(a) the image under the cobar construction Bc(−) of a morphism ι∗ : Dn →
Λm−n Dm dual in dg-modules to the embedding ι : Em → En;
(b) the operadic suspension of an augmentation morphism φm : Bc(Dm) → C which,
by operadic bar duality, is equivalent to a morphism φ]
m : ΛL∞ → Λm Em on
the suspension of the operad L∞ associated to the standard category of L∞-
algebras, the classical version of homotopy Lie algebra structure.
The existence of a morphism φ]
m : ΛL∞ → Λm Em reﬂects the existence of a restriction
functor from Em-algebras to L∞-algebras and has been used in the literature in the
case m = 2, in conjunction with the Deligne conjecture, to determine the homotopy
type of certain deformation complexes (see for instance [17]). In [11], we prove that
these morphisms φ]
m are unique up to a right homotopy in the category of operads,
and hence, are characteristic of the structure of an Em-operad.
We give a conceptual deﬁnition of the complex CEn
∗ ( ¯ N∗(Sn−m)) in terms of the
embedding ι : Em → En, of the morphism φ]
m : ΛL∞ → Λm Em and of the composition
structure of the operad En. We will obtain a result of a particularly simple form also
because the reduced normalized complex ¯ N∗(Sn−m) is a free k-module of rank one.
We give all details in §3. For this introduction, we are simply going to state the
ﬁnal outcome of our construction: the application of our result to iterated loop space
cohomology as it arises from [7, 9].
We dualize the construction to ease the formulation of our result. We form, for any
n ≥ m, the free complete En-algebra b En(x) on one generator x of degree −m. The
elements of this algebra b Em(x) are just formal power series
P∞
r=1 ξr(x,...,x) where
ξr is an r-ary operation of the operad Em. Our result makes appear a composition
product ◦ : b En(x) ⊗ b En(x) → b En(x), borrowed to [4], deﬁned termwise by sums of
operadic substitution operations




running over all entries of ξr(x,...,x). We observe that the existence of a morphism
φ] : ΛL∞ → Λm Em is formally equivalent to the existence of an element ωm ∈ b Em(x),
of degree −1 − m, satisfying the relation δ(ωm) = ωm ◦ ωm, where δ refers to the
canonical diﬀerential of b Em(x). We embed this element ωm into b En(x), for any n ≥ m.
We have then:
Theorem. — We consider the twisted complex (b En(x),∂m) deﬁned by adding the map
∂m(ξ) = ξ◦ωm to the natural diﬀerential of the free complete En-algebra b En(x). When4 BENOIT FRESSE
the ground ring is Z, we have an identity
H∗( \ ΩnSn−m) = H∗(b En(x)∨,∂∨
m)
between the continuous cohomology of the proﬁnite completion of ΩnSn−m and the
homology of the dual complex of (b En(x),∂m) in Z-modules (we take the continuous
dual with respect to the topology of power series).
The proﬁnite completion of the theorem is deﬁned by the limit of a diagram
ΩnSn−m
α where Sn−m
α ranges over homotopy ﬁnite approximations of Sn−m (see [19]).
This formulation is slightly abusive because the proﬁnite completion of ΩnSn−m would
be the limit of a diagram of homotopy ﬁnite approximations of the space ΩnSn−m
itself. Nevertheless results of [20] imply that these limits coincide. The theorem has
an Fp-version where the proﬁnite completion of ΩnSn−m is replaced by a p-proﬁnite
approximation, the limit of a diagram ΩnSn−m
α where Sn−m
α now ranges over homo-
topy p-ﬁnite approximations of Sn−m (see again [19]). The topological results of [7, 9]
are stated in the Fp-setting, but the arguments work same over Z.
The above theorem is not intended for computational purposes and we should
not undertake any computation with it – the iterated bar complexes of [9], which are
equipped with nice ﬁltrations, seem better suited for such an undertaking. The actual
goal of this article, with this theorem, is to make explicit the connection between
the cohomology of iterated loop spaces of spheres and the homotopical structures of
En-operads. In subsequent work, we plan to apply the theorem to gain qualitative
information on the structure of iterated loop space cohomology by using connections,
explained in [17], between En-operads and quantum ﬁeld theory.
In §1, we brieﬂy review the deﬁnition of the homology HP
∗(A) associated to an
operad P, the applications of the bar duality of operads to the deﬁnition of complexes
CP
∗(A) computing HP
∗(A), and we explain how to apply this construction to En-
operads with the result of [10]. In §2, we explain the deﬁnition of the free complete
algebras of the form b En(x) and their duality connection with cofree coalgebras D(C)
on a dg-module C of rank one. In §3, we study the applications of operadic bar
duality to the cochain algebra of spheres ¯ N∗(Sn−m) and we determine the form of
the complex CEn
∗ ( ¯ N∗(Sn−m)) from which we obtain the outcome of our theorem.
In §1 and 3, we deal with a particular En-operad, already used in the proof of [10],
which arises from a certain ﬁltration of an E∞-operad introduced by Barratt-Eccles
in [1]. In §4, we explain that the homotopy type of the complex (b En(x)∨,∂∨
m) which
occurs in our main theorem does not depend on the choice of the En-operad En and
of the element ωm ∈ b En(x) associated to a morphism φ]
m : ΛL∞ → Λn En.
To begin with, we review the background of our constructions.
Background and overall conventions
We are only going to give a brief survey of this background since our main purpose
is to explain our conventions. We refer to [6] for a more detailed account with the
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To begin with, we explicitly specify which base category of dg-modules is considered
throughout the article.
0.1. The category of dg-modules. — The ground ring, ﬁxed once and for all, is de-
noted by k. For us a dg-module refers to a Z-graded k-module C equipped with an
internal diﬀerential δ : C → C that decreases the degree by one, and we take this
category of dg-modules as base category C.
The category of dg-modules is equipped with its standard tensor product ⊗ :
C ×C → C together with the symmetry isomorphism τ : C ⊗ D → D ⊗ C involving a
sign. This sign is determined by the standard sign convention of diﬀerential graded
algebra, which we follow. The notation ± is used to represent any sign arising from
an application of this convention. The ground ring k, viewed as a dg-module of rank 1
concentrated in degree 0, deﬁnes the unit object for the tensor product of dg-modules.
The morphism sets of any category A are denoted by MorA(A,B). The mor-
phisms of dg-modules are the degree and diﬀerential preserving morphisms of k-
modules f : C → D. The category of dg-modules comes also equipped with internal
hom-objects HomC(C,D) characterized by the adjunction relation MorC(K⊗C,D) =
MorC(K,HomC(C,D)) with respect to the tensor product ⊗ : C ×C → C. Recall
brieﬂy that a homogeneous element of HomC(C,D) is just a morphism of k-modules
f : C → D raising degrees by d = deg(f). The diﬀerential of a homomorphism
f ∈ HomC(C,D) is deﬁned by the (graded) commutator δ(f) = δ · f − ±f · δ,
where we consider the internal diﬀerentials of C and D. The elements of the dg-
hom HomC(C,D) are called homomorphisms to be distinguished from the actual
morphisms of dg-modules, the elements of the morphism set MorC(C,D).
The dual of a dg-module C is the dg-module such that C∨ = HomC(C,k), where
we again view the ground ring k as a dg-module of rank 1 concentrated in degree 0.
0.2. Operads and cooperads. — We always consider operads (and cooperads) in the
category of dg-modules. We adopt the notation O for the whole category of operads
in dg-modules. We use the notation I for the initial object of the category of operads
which reduces to the ground ring I(1) = k in arity 1 and is trivial otherwise.
In general, we tacitely assume that an operad P satisﬁes P(0) = 0 (we say that
P is non-unitary). In some cases, we may assume that an operad satisﬁes P(1) =
k too. We say in this situation that P is a connected operad. Cooperads D are
always assumed to satisfy the connectedness assumptions D(0) = 0 and D(1) = k in
order to avoid diﬃculties with inﬁnite sums in coproducts. We use the notation O0
(respectively O1) for the category of non-unitary (respectively connected) operads
in dg-modules. We call Σ∗-object the structure, underlying an operad, formed by a
collection M = {M(r)}r∈N where M(r) is a dg-modules equipped with an action of
the symmetric group on r letters Σr.
A connected operad inherits a canonical augmentation  : P → I which is the
identity in arity r = 1 and is trivial otherwise. We adopt the notation e P for the
augmentation ideal of any operad P equipped with an augmentation  : P → I. We
have in the connected case e P(0) = e P(1) = 0 and e P(r) = P(r) for all r ≥ 2. Any6 BENOIT FRESSE
connected cooperad D has a coaugmentation η : I → D and a coaugmentation coideal
e D deﬁned like the augmentation and the augmentation ideal of a connected operad.
0.3. Suspensions. — The suspension of a dg-module C is the dg-module ΣC deﬁned
by the tensor product ΣC = k[1]⊗C where, for all d ∈ Z, we adopt the notation k[d]
for the free graded k-module of rank 1 concentrated in degree d.
The operadic suspension of an operad P, is an operad ΛP characterized by the
commutation relation ΛP(ΣC) = ΣP(C) at the level of free algebras. Basically, the
operad ΛP is deﬁned arity-wise by the tensor products ΛP(n) = k[1−n]⊗P(n)± where
the notation ± refers to a twist of the natural Σn-action on P(n) by the signature of
permutations. We have an operadic suspension operation deﬁned in the same way on
cooperads.
Note that we can apply the suspension of dg-modules arity-wise to any operad P
(or cooperad) to produce a Σ∗-object ΣP such that ΣP(r) = k[1] ⊗ P(r), but this
suspended Σ∗-object does not inherit an operad structure.
0.4. Algebra and coalgebra categories. — The category of algebras in dg-modules
associated to an operad P is denoted by P C. The free P-algebra associated to a dg-
module C is denoted by P(C). Recall simply that this free P-algebra is deﬁned by the
dg-module of generalized symmetric tensors P(C) =
L∞
r=0(P(r)⊗C⊗r)Σr, where the
Σr-quotient identiﬁes tensor permutations with the action of permutations on P(r).
Note that we can remove the 0 term of this expansion since we assume P(0) = 0.
We use the notation p(x1,...,xr) where p ∈ P(r), x1 ⊗ ··· ⊗ xr ∈ A⊗r, to represent











for these elements p(x1,...,xr) ∈ P(C).
In the case of a cooperad D, we use the notation D(C) for the connected cofree
D-coalgebra such that D(C) =
L∞
r=0(D(r) ⊗ C⊗r)Σr. In this deﬁnition, we take the
same generalized symmetric tensor expansion as a free algebra over an operad for
the underlying functor of a cofree coalgebra over a cooperad and therefore, we can
safely adopt the functional and graphical representation of elements of free algebras
of operads to denote the elements of D(C). Note that D(C) does not agree with the
standard cofree connected coalgebras of the literature in usual cases (like cocommu-
tative coalgebras) precisely because we take coinvariants instead of invariants, but we
generally apply the deﬁnition of D(C) to cooperads D equipped with a free Σ∗-module
structure so that the result is the same if we replace coinvariants by invariants in the
deﬁnition of D(C).
The coaugmentation morphism of a cooperad yields an embedding η : C ,→ D(C)
which identiﬁes the dg-module C with a summand of D(C). Similarly, if P is an
augmented operad, then we have a split embedding η : C ,→ P(C), yielded by theKOSZUL DUALITY COMPLEXES FOR ITERATED LOOP SPACE COHOMOLOGY 7
operad unit of P. The morphism  : P(C) → C induced by the augmentation of P
gives a canonical retraction of η : C ,→ P(C) so that C is canonically identiﬁed with
a summand of P(C).
0.5. Model structures. — The category of dg-modules C is equipped with its standard
model structure in which the weak-equivalences are the morphisms which induce an
isomorphism in homology, the ﬁbrations are the degreewise surjections (see [15, §2.3]).
The category of non-unitary operads O0 inherits a full model structure from dg-
modules so that a morphism f : P → Q is a weak-equivalence (respectively, a ﬁbration)
if f forms a weak-equivalence (respectively, ﬁbration) of dg-modules f : P(r) →
Q(r) in each arity r ∈ N. The coﬁbrations are characterized by the right-lifting-
property with respect to acyclic ﬁbrations. The category of Σ∗-objects in dg-modules
also inherits a full model structure with the same deﬁnition for the class of weak-
equivalences (respectively, ﬁbrations). Any operad coﬁbration with a coﬁbrant operad
as domain deﬁnes a coﬁbration of Σ∗-objects, but the converse implication does not
hold. Therefore we say that an operad P is Σ∗-coﬁbrant when its unit morphism
η : I → P deﬁnes a coﬁbration in the category of Σ∗-objects.
The category of algebras over a Σ∗-coﬁbrant operad P inherits a semi-model struc-
ture in the sense that the axioms of model categories are satisﬁed for P-algebras
only when we restrict the applications of the right lifting property of (acyclic) coﬁ-
bations and of the factorization axiom to morphisms with a coﬁbrant domain. This
is enough for the usual constructions of homotopical algebra. Naturally the weak-
equivalences (respectively, ﬁbrations) of P-algebras are the morphisms of P-algebras
f : A → B which deﬁne a weak-equivalence (respectively, a ﬁbration) in the category
of dg-modules.
0.6. Twisted objects. — In certain constructions, a homomorphism ∂ ∈ HomC(C,C)
of degree −1 is added to the internal diﬀerential of a dg-module C to produce a new dg-
module, with the same underlying graded k-module as C, but the map δ+∂ : C → C
as diﬀerential. Since we have δ2 = 0, the relation of diﬀerential (δ +∂)2 = 0 amounts
to the equation δ(∂) + ∂2 = 0 in HomC(C,C). In this situation, we say that ∂ is a
twisting homomorphism and we just use the pair (C,∂) to refer the new dg-module
deﬁned by the addition of ∂ to the internal diﬀerential of C.
When we apply this construction to an algebra A over an operad P, we assume
that the twisting homomorphism satisﬁes the derivation relation ∂(p(a1,...,ar)) = Pr
i=1 p(a1,...,∂(ai),...,ar) to ensure that the twisted dg-module (A,∂) inherits a
P-algebra structure from A. We then say that ∂ : A → A is a twisting derivation. We
call quasi-free P-algebra the twisted P-algebras (A,∂) associated to a free P-algebra
A = P(C). We have a one-one correspondence between derivations on free P-algebras
∂ : P(C) → P(C) and homomorphisms γ : C → P(C). We use the notation ∂γ for the
derivation associated to γ. In one direction, we have γ = ∂γ|C. In the other direction,
the derivation ∂γ : P(C) → P(C) is determined from γ : C → P(C) by the derivation
formula ∂γ(p(c1,...,cr)) =
Pr
i=1 p(c1,...,γ(ci),...,cr), for all p(c1,...,cr) ∈ P(C).
For a free P-algebra P(C), a derivation ∂γ : P(C) → P(C) satisﬁes the equation of
twisting homomorphisms if and only if the associated homomorphism γ : C → P(C)
satisﬁes the equation δ(γ) + ∂γ · γ = 0 in HomC(C,P(C)).8 BENOIT FRESSE
We also apply the deﬁnition of twisted dg-modules to coalgebras over cooperads.
We have a notion of quasi-cofree D-coalgebra, dual to the notion of quasi-free algebra
over an operad, consisting of a twisted dg-module (D,∂) such that D = D(C) is a
cofree D-coalgebra and ∂ = ∂α : D(C) → D(C) is a D-coalgebra coderivation uniquely
determined by a homomorphism α : D(C) → C such that δ(α) + α · ∂α = 0 in
HomC(D(C),C). In the context of coalgebras, we determine the twisting coderivation
∂α associated to a homomorphism α by a graphical expression of the form:
(3) ∂α

    
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.
The notation ρτ(c) refers to a cooperadic coproduct along a tree τ of an element
c ∈ D(r) and the expressions c∗ inside the sum refer to the factors of this cooperadic
coproduct (see [6, Proposition 4.1.3] for details). The notation Θ2(r) refers to the
category of trees with two vertices. The second sum ranges over all trees τ ∈ Θ2(r)
and, for each τ ∈ Θ2(r), over all terms of the expansion of ρτ(c). In the ﬁrst sum, we
just consider the restriction of α to the summand C ⊂ D(C) and we sum up over all
inputs of c ∈ D(r).
1. Koszul duality and operadic homology
The purpose of this section is to review applications of operadic bar duality to the
deﬁnition of homology theories for algebras over an operad.
The ﬁrst reference addressing applications of homotopical algebra to algebras over
operads in the setting of unbounded dg-modules over a ring is the article [13]. The
deﬁnition of a homology theory with trivial coeﬃcients, in terms of Quillen’s homo-
topical algebra, was given earlier in [12] in the context of N-graded dg-modules over
a ﬁeld of characteristic 0. The application of operadic bar duality to homotopical
algebra of algebras over operads is explained in that reference in the same charac-
teristic 0 setting. Brieﬂy, the authors of [12] prove that the existence of a coﬁbrant
model given by an operadic cobar construction Bc(D) for an operad P gives rise to
an explicit coﬁbrant replacement functor on the category of P-algebras which can be
used for homology computations.
In [6] we explain how to extend the applications of operadic bar duality to the
context of unbounded dg-modules over a ring. More speciﬁcally, we prove that the
functorial coﬁbrant replacement of algebras over an operad, deﬁned [12], works in thatKOSZUL DUALITY COMPLEXES FOR ITERATED LOOP SPACE COHOMOLOGY 9
framework provided that we restrict ourself to Σ∗-coﬁbrant operads and to algebras
which are coﬁbrant as dg-modules.
We review the deﬁnition of these coﬁbrant replacement functors very brieﬂy before
explaining the applications to the homology of algebras over operads in our setting.
We explain at each step how the constructions apply to En-operads.
In this section (and in the next one), we assume that En is the particular En-
operad, arising from a ﬁltration of the Barratt-Eccles operad [1], used in the proof
of the Koszul duality result of [10]. This operad has, among others, the advantage
of being free of ﬁnite rank over k in each arity. Thus we can dualize the dg-modules
En(r) without special care. Besides, the operad En is connected so that the collection
of dual dg-modules En(r)∨ inherits a well-deﬁned cooperad structure.
To begin with, we say a few words about the operadic cobar construction Bc(D).
1.1. On operadic cobar constructions. — The operadic cobar construction is a functor
which associates a connected operad Bc(D) to any cooperad D. We do not really need
the explicit deﬁnition of Bc(D). Just recall that Bc(D) is a coﬁbrant as an operad
whenever the cooperad D is Σ∗-coﬁbrant and that any morphism φ : Bc(D) → P
towards an operad P is fully determined by a homogeneous morphism θ : D → P, of




















       
       
i∗
!! D D D ··· i∗
}}zzz
i∗








       
       
,
for any c ∈ D(r), where λ∗ refers to the composition operation of the operad P and
we adopt conventions similar to §0.6 to represent the expansion of the coproduct of a
cooperad element c ∈ D(r). We refer to [6, §3.7] for details on this matter.
We adopt the notation φ = φθ for the morphism associated to θ : D → P and we
refer to θ as the twisting cochain associated to φθ.
For our En-operad, we have:
Theorem 1.2 (see [10, Theorems A-B]). — The operad En has a coﬁbrant model
of the form Qn = Bc(Dn), where Dn = Λ−n E
∨
n is the n-fold operadic desuspension of
the dual cooperad of En in dg-modules.
The proof of this assertion in [10] is divided in several steps. The ﬁrst step involves
the deﬁnition of a morphism φn : Bc(Dn) → C towards the operad of commutative
algebras C. The weak-equivalence ψn : Bc(Dn)
∼ − → En is deﬁned in a second step by
a lifting process from the morphism φn.
1.3. Coﬁbrant replacements arising from operadic cobar constructions. — Suppose
now we have a Σ∗-coﬁbrant connected operad P together with a coﬁbrant model of
the form Q = Bc(D), where D is a Σ∗-coﬁbrant operad. Let φθ : Bc(D)
∼ − → P be the
augmentation of this coﬁbrant model.10 BENOIT FRESSE
To any P-algebra A, we associate a (connected) quasi-cofree D-coalgebra ΓP(A) =
(D(A),∂α) and a quasi-free P-algebra of the form RA = (P(ΓP(A)),∂γ). The homo-
morphism α which determines the twisting coderivation of ΓP(A) maps an element
c(a1,...,ar) ∈ D(A) to the evaluation of the operation θ(c) ∈ P(r) on a1 ⊗···⊗ar ∈






− − − − − → P(ΓP(A)),
where ρ is yielded by the universal D-coalgebra structure of the quasi-cofree D-
coalgebra ΓP(A).
Then:
Proposition 1.4 (see [12, §2] and [6, §4.2]). — We have a weak-equivalence  :
RA
∼ − → A induced on generators ΓP(A) ⊂ RA by the augmentation of the cofree
D-coalgebra D(A) → A and RA deﬁnes a coﬁbrant replacement of A in P-algebras
provided that A is coﬁbrant as a dg-module.
We refer to [12] for the version of this statement in the context of N-graded dg-
modules over a ﬁeld characteristic 0 and to [6] for the proof in our setting.
In [10, §1.3], we check that the cooperad Dn = Λ−n E
∨
n associated to our En-operad
En is Σ∗-coﬁbrant (like the operad En itself). Hence the result of Proposition 1.4 holds
for algebras over our En-operad.
1.5. The coﬁbrant replacement functor and endomorphism operads. — Recall that
the action of an operad P on an algebra A is determined by an operad morphism
∇ : P → EndA, where EndA, the endomorphism operad of A, is the operad such
that EndA(r) = HomC(A⊗r,A). The evaluation of an operation p ∈ P(r) on a tensor
a1 ⊗···⊗ar ∈ A⊗r is deﬁned by the evaluation of the map ∇(p) ∈ HomC(A⊗r,A) on
a1 ⊗ ··· ⊗ ar.
Observe that the homomorphism α : D(A) → A in the deﬁnition of ΓP(A) is, by
adjunction, equivalent to the homomorphism α] : D → EndA such that φα] is the
composite
Bc(D)
φθ − → P
∇A − − → EndA
giving the action of Bc(D) on A through φθ. Hence the twisting derivation of ΓP(A)
is fully determined by the restriction of the P-algebra structure of A to Bc(D), and
not by the P-algebra structure itself.
In §3, we apply this observation to the operad En because, in the case A =
¯ N∗(Sn−m), we have a good characterization of the morphism φα] : Bc(Dn) →
End ¯ N∗(Sn−m).
1.6. Operadic homology. — Let P be an augmented operad. The indecomposable
quotient of P-algebra A is deﬁned as the quotient dg-module of A under the image of
operations p : A⊗r → A, where p ranges over the augmentation ideal of P. Thus:
IndecP A = A/Im(e P(A) → A).KOSZUL DUALITY COMPLEXES FOR ITERATED LOOP SPACE COHOMOLOGY 11




∗(A) = H∗(IndecP RA)
for any P-algebra A, where RA is a coﬁbrant replacement of A.
In the case of a quasi-free P-algebra, we have an identity IndecP(P(C),∂γ) = C.
Thus, when we apply the deﬁnition of the homology HP
∗(A) to the functorial coﬁbrant
replacement RA = (P(ΓP(A)),∂α), we obtain the well-known assertion:
Proposition 1.7. — Provided that the P-algebra A is coﬁbrant as a dg-module, we
have the relation HP
∗(A) = H∗(ΓP(A)) = H∗(D(A),∂α).
In the special case P = En, this relation gives the identity:
HEn
∗ (A) = H∗(Dn(A),∂α) = H∗(Λ−n E
∨
n(A),∂α).
Before applying this construction to the cochain algebra of a sphere, we go back to
the general study of coalgebras D(C).
2. Free complete algebras and duality
Throughout the paper, we adopt the notation k[d] for a dg-module of rank one
concentrated in (lower) degree d. The reduced normalized cochain complex of a
sphere ¯ N∗(Sd) is an instance of dg-module of this form. Since upper gradings are
changed to opposite lower gradings, we obtain precisely ¯ N∗(Sd) = k[−d].
The purpose of this section is to study coderivations of cofree coalgebras D(C)
over a dg-module C = k[m] with the aim to determine, in the next section, the
complex (Λ−n E
∨
n(A),∂α) associated to A = ¯ N∗(Sn−m). To make our description
more conceptual, the idea, explained in the introduction, is to deﬁne the complex in
a dual setting of generalized power series algebras rather than in a coalgebra setting.
Therefore we study the duality process ﬁrst.
From now on, we assume, if not explicitly recalled, that x is a variable of degree −m.
2.1. The free complete algebra on one variable over an operad. — In our presentation,
we consider the free P-algebra P(x) on a variable x, which can be deﬁned as the free
P-algebra P(kx) on the free dg-module of rank one spanned by x. By deﬁnition, we
have an identity P(x) =
L∞
r=0(P(r)⊗kx⊗r)Σr. To deﬁne the free complete P-algebra
b P(x), we just replace the sum in the expansion of the free P-algebra by a product
(formed within the category of dg-modules): b P(x) =
Q∞
r=0(P(r)⊗kx⊗r)Σr. The free
complete P-algebra is equipped with the topology deﬁned by the nested sequence of
dg-submodules b P(>s)(x) =
Q∞
r=s+1(P(r) ⊗ kx⊗r)Σr.
2.2. Duality. — By [5, Proposition 1.2.18], the dual in dg-modules of a connected
cooperad D always forms a connected operad. Now, if D is equipped with a free
Σ∗-structure, then the dual of the connected cofree coalgebra D(C) on C = k[m]
can be identiﬁed with a complete free algebra b P(x) over the operad P = D
∨, where
x is a variable of degree −m, because we have in this case ((D(r) ⊗ k[m]⊗r)Σr)∨ '
(D(r)∨ ⊗ k[−m]⊗r)Σr ' (D(r)∨ ⊗ k[−m]⊗r)Σr and the duality transforms the sum12 BENOIT FRESSE
into a product. In the sequel, we are rather interested in a converse duality operation,
from free complete algebras over operads to coalgebras over cooperads.
The dual of a connected operad P
∨ does not inherit a cooperad structure in general,
because we need a map (P(r) ⊗ P(s))∨ → P(r)∨ ⊗ P(s)∨ to separate the factors of
the coproduct of P
∨, but this condition is fulﬁlled when each dg-module P(r) is free
locally of ﬁnite rank over k and D = P
∨ does form a cooperad in that situation.
In the sequel, we apply the duality of dg-modules to the free complete P-algebra
b P(x). In this case, the continuous dual with respect to the topology of b P(x) is more
natural to consider and the notation b P(x)∨ is used to refer to it. Thus, we have by
deﬁnition b P(x)∨ = colims{b P(x)/b P(>s)(x)}∨.
Besides, we will always assume that P is equipped with a free Σ∗-structure when
we apply the duality to b P(x). In that setting, we obtain:
Proposition 2.3. — Assume again that x is a homogeneous variable of degree −m.
If the operad P is equipped with a free Σ∗-structure and is locally a free module of
ﬁnite rank over k, then we have an isomorphism b P(x)∨ ' D(k[m]), where D = P
∨ is
the dual cooperad of P.
Let γ] ∈ b P(x)∨ denote the continuous homomorphism associated to an element
γ = c(x∨,...,x∨) ∈ D(k[m]), c ∈ D(r), where we use the notation x∨ for the canonical
generator of the k-module k[m]. This homomorphism can be deﬁned termwise by the





for p ∈ P(r).
The relation b P(x)∨ ' D(k[m]) is just converse to the relation D(k[m])∨ ' b P(x)
of §2.2 for D = P
∨. By suspension, we deduce from these duality relations an isomor-
phism between the suspended dg-module Σ−mb P(x) and the dg-module of homomor-
phisms α : D(k[m]) → k[m].
Recall that we also have a degree-preserving bijection between homomorphisms α :
D(k[m]) → k[m] and coderivations ∂α : D(k[m]) → D(k[m]). In fact this bijection
deﬁnes an isomorphism of dg-modules when we equip the collection of coderivations
∂α : D(k[m]) → D(k[m]) with the natural dg-module structure coming from dg-
module homomorphisms.
Now, on the side of the free complete P-algebra b P(x), we obtain:
Proposition 2.4. — For any free complete P-algebra b P(x) on one variable x of de-
gree m, we have degree-preserving bijections between:
(a) the elements ω ∈ b P(x),
(b) the derivations of P-algebras ∂ : b P(x) → b P(x) which are continuous with respect
to the topology of b P(x).KOSZUL DUALITY COMPLEXES FOR ITERATED LOOP SPACE COHOMOLOGY 13
This bijection deﬁnes an isomorphism of dg-modules too when we equip the collection
of continuous derivations with the natural dg-module structure coming from dg-module
homomorphisms.
In the sequel, we adopt the notation ∂ω : b P(x) → b P(x) for the continuous derivation
associated to an element ω ∈ b P(x).
Proof. — To check the proposition, we essentially observe that ∂ω is deﬁned termwise





extending the formula of §0.6. The sum runs over all inputs of the operation p ∈
P(r). Then we use the continuity of the derivation to identify ∂ω on the whole dg-
module b P(x). In the converse direction, we simply retrieve the element ω associated
to a derivation ∂ω by the identity ω = ∂ω(x).
From the explicit construction of the derivation ∂ω : b P(x) → b P(x), we obtain:
Proposition 2.5. — Let ω ∈ b P(x). Let ω] : D(k[m]) → k[m] be the homomorphism
associated to ω by the duality isomorphism b P(x) ' D(k[m])∨ of §2.2.
The adjoint homomorphism of the derivation ∂ω : b P(x) → b P(x) corresponds un-
der the duality isomorphism b P(x)∨ ' D(k[m]) to the coderivation ∂ω] : D(k[m]) →
D(k[m]) associated to ω].
Proof. — Formal from the expression of the derivation ∂ω in the proof of propo-
sition 2.4 of the coderivation ∂ω] in §0.6, and from the expression of the duality
isomorphisms.
The construction of quasi-free algebras over an operad can be adapted to free
complete algebras. In that situation, we consider twisted dg-modules of the form
(b P(x),∂ω) where the twisting morphism ∂ω is a continuous derivation of b P(x) associ-
ated to some element ω ∈ b P(x). As in the context of quasi-free algebras, the derivation
relation implies that the equation of twisting homorphisms δ(∂ω)+∂2
ω = 0 is fulﬁlled
for ∂ω if and only if it holds on the generating element x of b P(x). Because of the
relation ω = ∂ω(x), this equation amounts to the identity δ(ω) + ∂ω(ω) = 0 in b P(x).
The purpose of the next paragraphs is to explain that the composition structure
considered in the introduction of this article models expressions of the form ∂α(β),
where α,β ∈ b P(x), and can be used to characterize twisting derivations on b P(x) (as
well as twisting coderivations on the cofree coalgebra D(k[m]) by the duality statement
of proposition 2.5).
2.6. The composition structure. — To begin with, we review the deﬁnition of the
composition structure considered in the introduction for a free complete algebra b P(x)
over any operad P. This deﬁnition is borrowed to [4] (we also refer to [16] for a variant
of this composition structure).14 BENOIT FRESSE
One ﬁrst deﬁnes the composite of elements of homogeneous order p(x,...,x),
q(x,...,x) ∈ b P(x) by a sum of operadic substitution operations




running over all entries of p(x,...,x). This termwise composition operation is contin-
uous, and hence, extends to the completion limr,s{b P(x)/b P(>r)(x) ⊗ b P(x)/b P(>s)(x)}.
For our purpose, we just consider the restriction of the obtained composition opera-
tion to the dg-module b P(x)⊗b P(x) = {limr b P(x)/b P(>r)(x)}⊗{lims b P(x)/b P(>s)(x)}, in
order to obtain the operation:
◦ : b P(x) ⊗ b P(x) → b P(x).
Note that this composition operation decreases degrees by m, and becomes degree
preserving only when we form m-desuspensions of the dg-module b P(x).
This composition operation ◦ is, after desuspension, an instance of a pre-Lie struc-
ture in the sense of [3], a product satisfying the identity
(a ◦ b) ◦ c − ±(a ◦ c) ◦ b = ±a ◦ (b ◦ c) − ±a ◦ (c ◦ b).
The next lemma gives our motivation to introduce the pre-Lie composition opera-
tion:
Lemma 2.7. — For any pair α,β ∈ b P(x), we have the identity ∂α(β) = α◦β in b P(x).
Proof. — This lemma is obvious from the explicit expression of the derivation ∂ω
associated to any ω ∈ b P(x) in the proof of proposition 2.4.
This lemma implies:
Proposition 2.8. — The derivation ∂ω : b P(x) → b P(x) associated to any ω ∈ b P(x)
deﬁnes a twisting derivation on b P(x) if and only if we have the identity δ(ω)+ω◦ω = 0
in b P(x).
In the next sections, we use the identity of Lemma 2.7 to express the derivation
∂ω associated by Proposition 2.4 to any element ω ∈ b P(x).
Before proceedings to the study of the chain complex CEn
∗ ( ¯ N∗(Sn−m)), we record
some applications of the pre-Lie composition structure to the deﬁnition of morphisms
on the operad of L∞-algebras.
2.9. On the operad of L∞-algebras. — First of all, recall that this operad is deﬁned by
the cobar construction L∞ = Λ−1Bc(C
∨), where C
∨ is the dual cooperad of the operad
of commutative algebras. The operad L∞ comes equipped with a weak-equivalence
 : L∞
∼ − → L, where L is the operad of Lie algebras. Hence, we have an identity
H∗(L∞) = L and the homology H∗(L∞) is generated as an operad by an operation
λ ∈ L(2) satisfying the identities of a Lie bracket. This observation is used in §4. For
the moment, we just want to record the following general proposition:KOSZUL DUALITY COMPLEXES FOR ITERATED LOOP SPACE COHOMOLOGY 15
Proposition 2.10. — If the operad P is equipped with a free Σ∗-structure, then we
have a bijection between:
(a) the operad morphisms φ : ΛL∞ → Λm P;
(b) and the elements ω ∈ b P(x), of degree −1−m, and such that the relation δ(ω)+
ω◦ω = 0 holds in b P(x), where we still assume that x is a variable of degree −m.
Proof. — The cobar construction commutes with operadic suspensions. Therefore we
have an identity ΛL∞ = Bc(C
∨).
Since C
∨(r) = k for all r > 0, the homomorphism θ : C
∨ → Λm P associated
to φ = φθ is equivalent to a collection of invariant elements in Λm P(r)Σr. We use
the assumption about the Σ∗-structure of P and the existence of an isomorphism
P(r)Σr ' P(r)Σr to identify this collection with an element of the form ω ∈ b P(x).
We easily check that the equation of §1.1 for the twisting cochain θ amounts to the
equation δ(ω) + ω ◦ ω = 0 for the element ω and the proposition follows.
3. The Koszul complex on the cochain algebras of spheres
The aim of this section is to make explicit the complex (Dn(A),∂α) comput-
ing HEn
∗ (A) for the cochain algebra of a sphere A = ¯ N∗(Sn−m).
We still consider the particular En-operads En arising from a ﬁltration
(5) E1 ⊂ ··· ⊂ En−1 ⊂ En ⊂ ··· ⊂ E∞ = E
of the chain Barratt-Eccles operad E. We do not need to review the deﬁnition of these
operads En and of the Barratt-Eccles operad E. We are simply going to explain a rep-
resentation of the En-algebra structure of ¯ N∗(Sn−m) in terms of realizations, for these
operads En, of intrinsic homotopical structures of En-operads. This representation
will give the form of the complex (Dn(A),∂α) associated to A = ¯ N∗(Sn−m).
We review the deﬁnition of the E∞-algebra structure of ¯ N∗(Sn−m) ﬁrst, before
explaining applications of the Koszul duality result of [10] to the cochain algebra
¯ N∗(Sn−m).
3.1. The cochain algebra of spheres. — Recall that the (reduced normalized) cochain
complex of a d-sphere Sd is identiﬁed with the free k-module of rank 1 concentrated
in (lower) degree −d:
¯ N∗(Sd) = k[−d].
The associated endomorphism operad End ¯ N∗(Sd) is identiﬁed with the d-fold operadic
desuspension of the commutative operad C because we have identities:
End ¯ N∗(Sd)(r) = HomC(k[−d]⊗r,k[−d]) = k[rd − d] = Λ−d C(r).
Hence, the E∞-structure of ¯ N∗(Sd) is determined by an operad morphism ∇d : E∞ →
Λ−d C.
The work [2] gives an explicit representation of this morphism for the chain Barratt-
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where  denotes the augmentation of the Barratt-Eccles operad (to which we apply
the operadic suspension functor) while σ denotes a new operad morphism σ : E∞ →
Λ−1 E∞ (to which we also apply the operadic suspension) discovered in [2] and deﬁned
by an explicit formula.
In [10, Observation 0.1.10], we observe that σ : E∞ → Λ−1 E∞ has restrictions
giving operad morphisms σ : En → Λ−1 En−1, for each n ≥ 2, and we prove:
Theorem 3.2 (see [10, Theorems A-B]). — The weak-equivalences ψn : Bc(Dn)
∼ − →














where ι : En−1 ,→ En is the embedding morphism and σ∗ is the morphism associated
to σ : En → Λ−1 En−1 by functoriality of the construction Bc(Dm) = Bc(Λ−m E
∨
m).
We recall, just after Theorem 1.2, that the weak-equivalence ψm : Bc(Dm)
∼ − → Em
arises as a lifting
Em








of a certain morphism φm. The notation  refers again to the augmentation of the
Barratt-Eccles operad.






















The notation ι∗ now refers to the morphism associated to the embedding ι : En−1 ,→
En by functoriality of the construction Bc((−)∨). From this result, we deduce:KOSZUL DUALITY COMPLEXES FOR ITERATED LOOP SPACE COHOMOLOGY 17



































  // Λm−n E
∼

Λm−n C = End ¯ N∗(Sn−m)
giving the action of the En-operad Bc(Λ−n E
∨
n) on ¯ N∗(Sn−m), where φ0
m is a mor-
phism homotopic to φm in the model category of operads.
Note: one can easily observe that the cobar construction commutes with operadic
suspensions.
To determine the form of the complex C∗
En( ¯ N∗(Sn−m)), we essentially use the
observation of §1.5 and the representation of the morphism Bc(Dn) → End ¯ N∗(Sn−m)
supplied by this theorem.
By [6, Theorem 5.2.2] or [8, Theorem C], any Q-algebras (A,φ0) and (A,φ1)
having the same underlying dg-module A but a diﬀerent Q-structure determined
by morphisms φ0,φ1 : Q → EndA are connected by a chain of weak-equivalences
of Q-algebras when the morphisms φ0,φ1 are homotopic in the category of oper-
ads. Hence, in our study of the cochain algebra ¯ N∗(Sn−m), any choice of morphism
Bc(Dn) → End ¯ N∗(Sn−m) in the homotopy class of the composite





− → Bc(Λ−n E
∨





m − − → Λm−n C
will give the right result. For that reason, we can replace the morphism φ0
m in Theo-
rem 3.3 by φm, or any homotopy equivalent morphism φ00
m. Besides, the construction
of [10, §1] gives a morphism φm well-characterized up to homotopy only.
Let us review the deﬁnition of these morphisms φm before going further in our
study.
3.4. The augmentation on the cobar constructions. — The morphisms φm :
Bc(Dm) → C are, according to the recollections of §1.1, determined by homo-
morphisms of Σ∗-modules
Dm = Λ−m E
∨
m
θm − − → C
satisfying a certain equation. In [10, §§1.1.1-2], we observe that the deﬁnition of
θm amounts to the deﬁnition of a collection of elements ωm(r) ∈ Em(r)Σr of degree
m(r − 1) − 1, or equivalently to an element ωm of degree −1 − m in the completed18 BENOIT FRESSE
Em-algebra b Em(x) =
Q∞
r=1(Em(r) ⊗ kx⊗r)Σr, where x is again a variable of degree
−m. The element ωm(r) simply represents the term of order r of ωm ∈ b Em(x).
Recall that C(r) = k for all r > 0. The equivalence between ωm(r) and θm is given
by the adjunction relation θm(ξ) =
P
w∈Σr ξ(w · ωm(r)), for any ξ ∈ Λ−m E
∨
m(r),
where ωm(r) is any representative of ωm(r) in Em(r). In the relation, we use the
isomorphism Em(r)Σr
' − → Em(r)Σr deﬁned by the norm of the Σr-action (recall that
Σr acts freely on E(r)).
By inspection of [10, Lemma 1.1.2], we immediately see that the equation of the
homomorphism θm amounts to the equation
(8) δ(ωm) + ωm ◦ ωm = 0
in term of the element ωm ∈ b Em(x), where ◦ : b Em(x) ⊗ b Em(x) → b Em(x) refers to the
composition operation of §2.6.
Hence, we have by Proposition 2.8:
Lemma 3.5. — The element ωm ∈ b Em(x) associated to the homomorphism θm
deﬁning φm determines, for each n ≥ m, a twisting derivation ∂m : b En(x) → b En(x)
such that ∂m(ξ) = ξ ◦ ωm, for any ξ ∈ b En(x).
Then we observe:
Lemma 3.6. — The adjoint homomorphism of the derivation ∂m : b En(x) → b En(x)
corresponds, under the isomorphisms
Σ−nb En(x)∨ ' Σ−n E
∨
n(k[m]) ' Λ−n E
∨
n(k[m − n]) = Dn(N∗(Sn−m))
to the twisting coderivation ∂α : Dn(N∗(Sn−m)) → Dn(N∗(Sn−m)) of the com-
plex CEn
∗ (N∗(Sn−m)) computing HEn
∗ (N∗(Sn−m)).
Proof. — In §1.5, we observe that the homomorphism α : Dn(k[m − n]) → k[m − n]
deﬁning the coderivation of C∗
En(N∗(Sn−m)). corresponds, by adjunction, to the
twisting cochain Dn → Endk[m−n] = EndN∗(Sn−m) determining the action of the






θm − − → Λm−n C = Endk[m−n],
where ι∗ is, up to operadic suspension, the dual of the embedding morphism ι : Em →






for any c ∈ Dn(r) = En(r)∨, where we go back to the notation used around Propo-
sition 2.3 for the elements of Dn(k[m − n]). Thus we immediately see that α agrees
with the homomorphism associated to ωm ∈ b En(x) in §§2.3-2.4, and the adjunction
relation between the coderivation ∂α and the derivation ∂m(ξ) = ξ ◦ωm associated to
ωm follows from the assertion of Proposition 2.5.
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Theorem 3.7. — We have an identity HEn
∗ ( ¯ N∗(Sn−m)) = Σ−nH∗(b En(x)∨,∂∨
m),
where we consider the twisting derivation ∂m(ξ) = ξ ◦ ωm of Lemma 2.4 and the
continuous dual of the twisted complete Em-algebra (b En(x),∂m).
The theorem of the introduction follows from this result and:
Theorem 3.8 (see [7, 9]). — Take k = Z as ground ring. For any space X whose
homology H∗(X) is a degreewise ﬁnitely generated Z-module, we have an identity
HEn
∗ ( ¯ N∗(X)) = Σ−nH∗([ ΩnX),
where [ ΩnX refers to the proﬁnite completion of the n-fold loop space ΩnX (of which
we take the continuous cohomology).
We have explained around Theorem 3.3 that the result of Theorem 3.7 does not
depend on the choice of the morphism φm in a certain homotopy class because any such
choice gives rise to weakly-equivalent models of the En-algebra underlying N∗(Sn−m).
We prove in the next section that a wider homotopy invariance property holds for
Theorem 3.7.
3.9. Remark: the cohomological analogue of Theorem 3.7. — We have a result similar
to Lemma 3.6 for the complex C∗
En(A,A) computing the natural cohomology theory
H∗
En(A,A) associated to En-operads. As a byproduct, we also have a cohomological
analogue of the result of Theorem 3.7. At the complex level, we obtain an identity of
the form
C∗
En( ¯ N∗(Sn−m), ¯ N∗(Sn−m)) = Σm(b Em(x),adm),
where we equip the dg-module b Em(x) with the twisting cochain such that adm(ξ) =
ξ ◦ ωm − ±ωm ◦ ξ.
4. Homotopical invariance
In the previous section, we have used a ﬁltration layer of the Barratt-Eccles operad
as a preferred En-operad, but we mention in the introduction of this article that the
result of our theorems holds for any choice of Em-operad Em and for any choice of
morphism φm : Bc(Dm) → C. The goal of this section is precisely to prove this wide
homotopy invariance property.
Recall that H∗(Em) is identiﬁed with the operad of associative algebras A for
m = 1, with the m-Gerstenhaber operad Gm for m > 1. The associative operad is
generated as an operad by an associative product operation µ ∈ A(2), of degree 0.
The m-Gerstenhaber operad is generated by an associative and commutative product
operation µ ∈ Gm(2) of degree 0 and by a Lie operation λ ∈ Gm(2) of degree m − 1
satisfying a graded version of the Poisson distribution relation.
For the moment, we still consider the Em-operad Em of [10], arising from the ﬁltra-
tion of the Barratt-Eccles operad. In this context, the morphisms φm : Bc(Dm) → C
are characterized by the relation φm(µ) = µ and φm(λ) = 0 in homology – where we
use the isomorphism H∗(Bc(Dm)) ' H∗(Em) (established in [10, §0.3]), because we
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Lemma 4.1 (see [11, Theorem B]). — Any pair of morphisms φ
m : Bc(Dm) →
C,  = 0,1, satisfying the relations φ
m(µ) = µ and φ
m(λ) = 0 in homology are left
homotopic in the model category of operads.
Note that the relation φm(λ) = 0 is obvious for m > 1 since C is concentrated in
degree 0. For the element ωm ∈ b Em(x) associated to φm, the relation φm(µ) = µ
amounts to the identity [ωm(2)] = µ in H∗(Em(2)Σ2), where ωm(2) refers to the
component of ωm of order 2. Recall that ωm(1) = 0 and the relation δ(ωm)+ωm◦ωm =
0 implies at order 2 that ωm(2) deﬁnes a cycle in Em(2)Σ2 (see [10, Lemma 1.1.2]).
Thus the lemma has an obvious interpretation in term of the element ωm.
Now we plan to extend the result of Theorem 3.7 to En-operads Ξn which are
Σ∗-coﬁbrant but not necessarily ﬁnitely generated in all degree and for each arity.
In that context, we consider the operad L∞, associated to the usual category of L∞-
algebras, deﬁned by the cobar construction L∞ = Λ−1Bc(C
∨), where C
∨ is the dual
cooperad of the operad of commutative algebras. Recall that H∗(L∞) is isomorphic
to the operad of Lie algebras L which is generated, as an operad, by an operation
λ ∈ L(2) satisfying the identities of a Lie bracket (see §2.9).
In the next statement, we use the operadic suspension of this operad ΛL∞ =
Bc(C
∨) for which the homology is generated, as an operad, by a Lie bracket operation
λ ∈ L(2) of degree 2. Since we can not form the dual of Ξm when Ξm is not free of
ﬁnite rank in all degree and for each arity, we can not use the relationship between
twisting elements ωm ∈ b Ξm(x) and morphisms φm : Bc(Λ−mΞ∨
m) → C, but we still
have:
Proposition 4.2. — The deﬁnition of a morphism φ]
m : ΛL∞ → ΛmΞm, amounts to
the deﬁnition of an element ξm ∈ b Ξm(x), of degree −1−m, vanishing at order 1, and
satisfying δ(ξm) + ξm ◦ ξm = 0 in b Ξm(x). Moreover, we have the identity φ]
m(λ) = λ
in homology if and only if [ξm(2)] = µ in H∗(Ξm(2)Σ2), where ξm(2) represents the
term of order 2 of ξm.
Proof. — The ﬁrst part of the proposition is established in Proposition 2.10. The sec-
ond assertion of the proposition is an obvious consequence of the relation, established
in the proof of Proposition 2.10, between the homomorphism θ]
m which determines
φ]
m and the element ξm.
The morphisms φ]
m : ΛL∞ → ΛmΞm corresponds by bar duality to the morphisms
φm : Bc(Λ−mΞ∨
m) → C of §3.4 whenever this correspondence makes sense (see [11]).
Suppose now we have an Em-operad Ξm together with a morphism of the form of
Proposition 4.2 and let ξm be the associated element in the free complete Ξm-algebra
b Ξm(x). We aim at comparing the pair (Ξm,ξm) to a pair (Em,ωm) formed from the
Barratt-Eccles operad. We already know that the operads Em and Em are connected
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Lemma 4.3. — We have elements πm ∈ b Πm(x) and ωm ∈ b Em(x) such that φ(πm) =
ωm and ψ(πm) = ξm and satisfying the identity [πm(2)] = [ωm(2)] = µ in homology,
where as usual πm(2) (respectively, ωm(2)) denotes the term of order 2 of πm (respec-
tively, ωm).
Proof. — The idea is to deﬁne the components πm(r) of the element πm ∈ b Πm(x) by
induction on r. For this, we use that the equation δ(πm) + πm ◦ πm = 0 amounts at










where we use the standard partial composite notation of the operadic substitution op-
eration occurring in the deﬁnition of the composition product ◦ : b Πm(x) ⊗ b Πm(x) →
b Πm(x). Thus, whenever appropriate elements πm(s) such that ψ(πm(s)) = ξm(s) are
deﬁned for s < r, the existence of πm(r) amounts to the vanishing of an obstruc-
tion in H∗(Πm(r)Σr). Now this obstruction does vanish just because ψ induces an
isomorphism in homology, preserves operadic structures, and carries (9) to the same
equation for ξm. Hence we are done with the deﬁnition of πm.
To deﬁne ωm, we just set ωm = φ(πm).
Lemma 4.4. — We have a chain of weak-equivalences
(b Em(x),∂m)∨ φ
← −
∼ (b Πm(x),∂m)∨ ψ
− →
∼ (b Ξm(x),∂m)∨
between the continuous duals of the chain complexes formed from the elements of
Lemma 4.3.
Proof. — The commutation of φ and ψ with operad structures readily implies that φ
and ψ induce dg-module morphisms between the twisted complexes. By the standard
spectral sequence argument, we obtain that these dg-module morphisms are weak-
equivalences since φ and ψ induce weak-equivalences at the level of cofree coalgebras.
Since the complex (b En(x),∂m) formed from the Barratt-Eccles operad in Lemma 4.4
ﬁts the construction of §3, we conclude:
Theorem 4.5. — Let Ξ1 ⊂ ··· ⊂ Ξn ⊂ ... be any nested collection of Σ∗-coﬁbrant
operads equivalent to the nested sequence of the chain operads of little cubes. Suppose
we have an operad morphism φ]
m : ΛL∞ → ΛmΞm satisfying φ]
m(λ) = λ in homology
and consider the equivalent element ξm ∈ b Ξm(x) such that δ(ξm) + ξm ◦ ξm = 0.
Then the result of Theorem 3.7 holds for the complex (b Ξn(x),∂m) formed from the
element ξm ∈ b Ξm(x).
In this theorem, we do not have to assume that the operad Ξm are ﬁnitely gener-
ated. In particular, we can apply the theorem to the En-operads considered in [17]
formed by the semi-algebraic chain complex of the Fulton-MacPherson operad.22 BENOIT FRESSE
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